Distinct from closed quantum systems, non-Hermitian system can have exceptional points (EPs) where both eigenvalues and eigenvectors coalesce. Recently, it has been proposed and demonstrated that EPs can enhance the performance of sensors in terms of amplification of detected signal. Meanwhile, the noise might also be amplified at EPs and it is not obvious whether exceptional points will still improve the performance of sensors when both signal and noise are amplified. We develop quantum noise theory to systematically calculate the signal and noise associated with the EP sensors. We then compute quantum Fisher information to extract a lower bound of the sensitivity of EP sensors. Finally, we explicitly construct an EP sensing scheme based on heterodyne detection to achieve the same scaling of the ultimate sensitivity with enhanced performance. Our results can be generalized to higher order EPs for any bosonic non-Hermitian system with linear interactions.
A distinct feature of non-Hermitian systems is the possibility of exceptional points (EPs). When a nonHermitian system approaches an EP, not only the eigenvalues but also the eigenvectors coalesce, which never occurs in Hermitian systems [1] [2] [3] [4] . While there are interesting theoretical discussions of generalizing the standard quantum theory by including non-Hermitian Hamiltonians [5] , we can actually experimentally generate nonHermitian dynamics using open quantum systems. Various interesting applications associated with phase transitions around EPs have been proposed or demonstrated, including unidirectional invisibility [6, 7] , topological energy transfer [8] , asymmetric mode switching [9] , band deformation [10] [11] [12] , and parity-time symmetry breaking lasers [13, 14] .
One intriguing application of EPs is to enhance the performance of sensors, which has been theoretically proposed [15] [16] [17] and experimentally demonstrated using optical micro-ring resonators [18, 19] . In the experiment, a small perturbation can be detected in terms of frequency shift of the micro-ring sensors operating at an EP. Upon approach to an EP, the eigen modes start to coalesce and the eigen frequencies associated with these modes become extremely sensitive to small perturbations of system parameters, which leads to enhanced sensor performance compared with traditional devices. The goal is to develop a new type of sensor enhanced by EPs to be more sensitive than the existing ones. However, the investigations of EP sensing so far have focused on the enhancement of measured signal, without systematically analyzing the noise. According to quantum noise theory [20] , the loss and gain of non-Hermitian dynamics will unavoidably introduce additional noise, and consequently the enhancement of the signal will be acompanied by the amplified noise as well. Hence, it is not obvious whether the sensitivity, in terms of signal-to-noise-ratio, will be enhanced by EPs. Therefore, it is crucial to systematically calculate the contributions from both signal and noise in order to justify the enhancement of sensitivity by EPs.
In this Letter, we present an investigation including both signal and noise for EP sensing, which addresses the following three questions: (1) Can EPs really enhance the sensing precision? (2) What is the ultimate precision of EP sensing schemes? (3) How to design an EP sensing scheme to achieve the ultimate precision? To answer these questions, we first apply quantum noise theory [20] to calculate the amplitude and covariance matrix associated with the output of EP sensors; then we calculate the quantum Fisher information of the output state and obtain the Cramer-Rao bound for the parameter estimation; finally we explicitly construct an EP sensing scheme based on heterodyne detection to achieve the same scaling of the ultimate sensitivity. Due to the clear mathematical structure of each step, the results can be generalized to higher-order EPs for any bosonic non-Hermitian system with linear interactions, i.e. involving only Gaussian processes [21] .
Non-Hermitian dynamics and open quantum systems. In the standard formulation, we use non-Hermitian Hamiltonians to characterize the non-Hermitian dynamics [22] . For example, as shown in Fig. 1a , we have two coupled optical modes a 1 and a 2 characterized by nonHermitian Hamiltonian (setting = 1)
where both modes have the same frequency ω 1 = ω 2 = ω, the perturbation uniformly shifts the frequencies of both modes 1 = 2 = , the coupling strength is g, the total loss rate of the first mode is γ 1 , and the total gain rate of the second mode is γ 2 . The equation of motion of the two modes is . Schematic of a twobosonic-mode system with a full quantum description. The circles labeled represent two bosonic modes a1 and a2, coupled to probing channels A1 and A2. In addition to the probing channels, a1 is intrinsically dissipated by scattering channel B1 and a2 is intrinsically amplified by scattering channel B2, with different coupling interactions. The arrows in the channels which point towards the system modes represent the input modes, while those with opposite direction represent the output modes.
characterized by a non-Hermitian matrix supporting EPs [22] . Note that this simple formalism predicts the average mode dynamics, but does not characterize the fluctuations. The non-Hermitian part of the Hamiltonian consists of an intrinsic loss (gain) process with rate η 1 (η 2 ), and extrinsic coupling to the probe channel A 1 (A 2 ) with rate κ 1 (κ 2 ). For simplicity, we assume κ 1 = κ 2 = κ [23] . Hence, the total loss and gain rates are γ 1 = η 1 + κ and γ 2 = η 2 − κ for the two modes, respectively. We denote A 1,in(out) and A 2,in(out) for the complex amplitudes of the two input (output) probe channels, satisfying the inputoutput relation
To fully characterize the noise properties of the output, we also need to model the fluctuations associated with the intrinsic loss η 1 and gain η 2 . As shown in Fig. b 
which has additional noise terms (B 1,in ,B † 2,in ) as compared with Eq. (2) from non-Hermitian Hamiltonian approach.
Amplitude vector and covariance matrix. To model the loss and gain processes, we can simply set the channels B 1 and B 2 to zero average amplitudes, i.e. vacuum. For any pair of bosonic annihilation operatorâ and creation operatorâ † , we define a pair of "position" quadrature operatorq =â +â † , and "momentum" quadrature operatorp = −i â −â † [21] . Given any quantum state of N bosonic modes, the amplitude vector µ and covariance matrix V can be defined in the quadrature basis
and
T , and · representing the expectation value.
To compute the amplitude vector and covariance matrix, we perform the Fourier transform of Eq. (4), and obtain the relation between the Fourier transformed operatorsÂ [ω] ≡ Â (t)e −iωt dt associated with the input and output ports. The amplitude vector and covariance matrix of the probe output channels are
where µ in and V in are the amplitude vector and covariance matrix of the probe input channels (A [24] . The linear response matrixG θ is given by [24] G θ = (θI − B)
with dimensionless parameter θ = /κ for the perturbation, and
with dimensionless parameters Γ 1 = γ 1 / (2κ), Γ 2 = γ 2 / (2κ), and G = g/κ.
For most applications, it is sufficient to consider Gaussian states for the probe and ancillary input channels. Since the physics process involves only linear interactions between modes, the output states are also Gaussian states that are completely characterized by the amplitude vector µ out and covariance matrix V out [21] . Hence, the above calculated amplitude vector and covariance matrix are sufficient to characterize the performance of sensing.
EP sensing. When we perform sensing at the EP (by choosing Γ 1 = Γ 2 = G), we have a non-trivial Jordan decomposition of the B matrix
with an invertible matrix P [25] . The non-trivial Jordan decomposition implies coalescence of eigenvectors of B.
For small perturbation θ 1, the linear response matrix grows as a polynomial of θ
where the second step uses the Taylor expansion and the property that B n≥2 = 0. The expression ofG θ implies the enhanced output signal associated with the amplitude vector [Eq. (7)] as we approach the EP with θ → 0. Meanwhile, the noise associated with the covariance matrix [Eq. (8) ] actually also diverges as θ → 0. It is not obvious how the sensitivity scales as θ → 0. Hence, we should systematically calculate the uncertainty of the measured parameter θ. In the following, we first provide a lower bound using quantum Cramer-Rao bound, and then provide an EP sensing protocol to achieve the same scaling as the quantum Cramer-Rao bound in terms of θ.
Sensitivity lower bound. We are ready to bound the sensitivity precision. The standard deviation of an estimation of the parameter θ, calculated from data obtained from some measurement on a quantum state, is bounded by reversal of quantum Fisher information I (θ) of the state through quantum Cramer-Rao inequality [26] δθ ≥ I (θ) −1 .
For Gaussian processes, such as our scheme, the quantum Fisher information can be calculated by [27, 28] where I 0 (θ) is always positive, the calculation of which only involves V out , and
Since I 0 (θ) only contains information of fluctuation and cannot be enhanced by increasing the amplitude of probe input, one can expect that the quantum Fisher information is dominated by I 1 (θ), which can be regarded as a matrix generalization of the squared signal-to-noise ratio. We plug Eqs. (7&8) into Eq. (14) and obtain [24]
which implies that the leading contribution to the quantum Fisher information scales at least as θ −4 (orange curve in Fig. 2 ) and δθ ≥ const×θ 2 . For comparison, we also computed the quantum Fisher information for non-EP sensing schemes with no enhancement as θ → 0 (green curves in Fig. 2) . Hence, EP sensing has a more favorable lower bound than the conventional sensing protocols.
Heterodyne detection to achieve optimized EP sensing scaling. Now we provide an EP sensing scheme achieving the same scaling in terms of θ as the lower bound predicted by the Cramer-Rao bound. The idea is to use heterodyne measurement to extract the output amplitude vector µ out . The covariance matrix associated with the heterodyne detection is V out + I [24, 29] , which includes the additional quantum noise inherent in the si-multaneous measurement of both position and momentum quadratures. Fortunately, the additional quantum noise does not depend on θ, and becomes negligibly small as compared with V out for θ → 0. Hence, we have (V out + I)
out . For example, by injecting a coherent-state probe input with µ in = P · (0, 1, 0, 0)
T , the homodyne detection can measure the output amplitude vector µ out = G θ µ in = P · θ −2 , θ −1 , 0, 0 T . We can obtain uncer-
has the same scaling as the lower bound obtained from Eqs. (13, 14, 15) . General approach and higher-order EP sensing. We summarize our general approach to achieve EP sensing with the scaling as obtained from the Cramer-Rao bound. For a given EP sensing scheme based on a Gaussian process, we calculate the corresponding matrices that can help us track the change of amplitude and covariance matrix. Then we can calculate the quantum Fisher information and obtain the precision bound. For a general EP sensing scheme,G θ = (Θ − B) −1 (in out previous discussion, Θ = θI, but in general it can be any invertible matrix), and BΘ −1 = PΛP −1 , with P invertible , and Λ known as the Jordan normal form of BΘ −1 This consists of diagonal blocks of size N i (for the ith block), each with eigenvalue zero. When N i = 1, the corresponding block is just a scalar, which is not an EP. To have EP enhanced sensing, we need at least one non-trivial Jordan block (N i ≥ 2) with eigenvalue zero.
Let N = max i N i be the size of the largest zeroeigenvalue Jordan block, which corresponds to the (N − 1)-th order EP. Then it is easy to show thatG θ = θ −N (C 0 + O (θ)) + · · · with θ → 0 and C 0 a constant matrix. This divergence near θ = 0 leads to θ −N amplification of the amplitude and θ −2N amplification of the covariance matrix. One might be tempted to argue that the I 1 (θ) is then proportional to θ −2 since the scaling of amplification with N can be perfectly canceled by covariance matrix. However, a more rigorous calculation shows this is overly pessimistic. As dG θ /dθ = −G θ ΘG θ , only one of theG θ cancel with the amplification in the covariance matrix. We have I 1 (θ) = µ T inG T θ C 0Gθ µ in , where C 0 is a positive definite matrix [24] . So one can conclude that (16) for (N − 1)-th order EP. Since I 0 (θ) is always positive, I 1 (θ) gives a lower bound on quantum Fisher information. We have then the quantum Cramer-Rao bound δθ θ N [30], the scaling of which can be achieved by performing heterodyne measurement on all of the outputs even in this general situation.
In conclusion, we have established a theoretical framework using quantum noise theory to systematically calculate both signal and noise of EP sensors. Using quantum Fisher information, we have obtained the lower bound of ultimate sensitivity of the EP-sensors. Moreover, we suggest a heterodyne detection scheme to achieve the same scaling of the ultimate sensitivity. Since the EP sensors consists of Gaussian processes with linear interactions, the EP sensing scheme with heterodyne detection should be feasible with the current experimental techniques.
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Note added: During the completion of this work, we became aware of a related study by Lau and Clerk.
